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I. INTRODUCTION
Orbital-dependent functionals in density functional theory (DFT) [1] provide seamless connection with wave function theory thus showing great promise regarding systematic and controllable improvement of the accuracy of the Kohn-Sham (KS) DFT method [2, 3] . Treatment of orbital-dependent functionals in DFT requires the use of the optimized effective potential (OEP) technique for obtaining a local multiplicative Kohn-Sham potential [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . In the OEP formalism, variation of the total energy functional is carried out with respect to a local multiplicative KS potential that under assumption of a fixed particle number is equivalent to the Hohenberg-Kohn variational principle [3] . Using the exchange-only energy functional the variation leads to an integral equation [4] that, in real space, possesses a unique and well-defined solution for atoms and molecules [5] [6] [7] . However, the use of finite basis sets of localized functions in the OEP method leads to a nonuniqueness of the solutions and, for the exchange-only case (xOEP), a collapse of the xOEP energies to the Hartree-Fock (HF) energies is possible [15, 18] . In Ref. [18] , it has been shown that a faithful solution of the OEP or xOEP equations can only be obtained with the use of a finite basis set that guarantees linear dependence of the set of products of occupied times unoccupied KS orbitals.
Currently, the popular implementation of the OEP method employs two basis sets whereby an orbital basis set is used to expand the KS orbitals and an auxiliary basis set is used for the optimized potential [13, 16] . Because a straightforward use of finite basis sets in OEP leads to an ill-conditioned linear algebraic problem [8, 9, 19] , there were suggested various ways to circumvent it by using regularization techniques [19] or by designing the auxiliary basis set in a balanced way with respect to the orbital basis set [16] . Practical utility of these approaches * m.filatov@rug.nl however depends critically on the choice of regularization technique and its pertinent parameters [19] or on the choice of auxiliary basis set thus hard-wired into the computational scheme [16] . It is therefore desirable to formulate the OEP method in such a way that stable and accurate solutions can be found for any meaningful orbital basis set without using external conditions or parameters. Such a computational scheme will be of great practical use, because it will enable one to employ orbital-dependent density functionals on a regular basis.
In this work, we will demonstrate that with the use of the incomplete Cholesky decomposition (ICD) technique [21] the OEP equations can be solved in an arbitrary orbital basis set satisfying the condition of linear dependence of the products of occupied and virtual KS orbitals. No auxiliary basis set for expansion of the potential is employed. An arbitrarily small positive number can be chosen as the threshold δ for discriminating linearly dependent from linearly independent orbital products in the ICD method. Thus, the orbital basis set remains the only degree of freedom in setting up an OEP calculation and, with the basis sets of increased size, the xOEP total and orbital energies converge to the exact values.
II. THEORY
The OEP equations in basis set representation can be derived from direct minimization of the energy functional with respect to the local potential [18] [19] [20] . In this derivation, one necessarily starts with expanding the exchange-correlation part of the optimized potential
in terms of a suitable set of expansion functions [11, 13, [16] [17] [18] [19] , wherew µσ are the expansion coefficients and σ stands for spin. It is convenient to define these functions via Eq. (2) [8, 11, 17, 20] , 
where the KS orbitals φ pσ are the solutions of one-electron equations [− 1 2
can be written in matrix form as [20] 
wherew is the vector of the expansion coefficients. Of note, Eqs. (3) and (4) In this work, we employ the products of the occupied and virtual KS orbitals as a natural expansion basis g µσ = φ jσ φ bσ / √ ε bσ − ε jσ in Eqs. (1) and (2) [8, 12, 17, 20] . With this choice, the matrix elements M µ,ia reduce to the twoelectron integrals over the KS orbitals divided by the orbital energy differences. Because the φ jσ φ bσ products do not yield potentials f µσ with the "monopole" asymptotic decay, a function that yields −1/r asymptote should be included into the expansion set, for example a g(r) = 1 N ρ(r) function that leads to the Fermi-Amaldi potential. Note that this choice of the potential expansion functions differs from the commonly adopted expansion of the OEP in terms of an auxiliary basis set [13, 16, 19] . Because the products of the occupied and virtual KS orbitals should be linearly dependent [18] , the matrix MM † becomes singular and Eq. (4) cannot be solved by matrix inversion. Following the argument by Harriman [24, 25] , only the linearly independent functions f µσ (r) [or g µσ (r)] span the kernel space of a local multiplicative operator and can be used in the expansion of the OEP. The linearly dependent functions, which correspond to zero (or near zero, in finite accuracy arithmetics) eigenvalues of the metric matrix M, span the null space and do not contribute to the expansion of a local operator [17, 18, 24, 25] . In principle, the singular value decomposition (SVD) technique, or regularized SVD, [19] can discriminate the kernel space and the null space of a local operator. However, with the above choice of the g µσ basis, this makes it necessary to diagonalize a matrix of very large dimension. A more economic and numerically stable tool is provided by the ICD method [20, 21, 26] , which is related to a partial Gram-Schmidt orthogonalization in which every vector linearly dependent with the already orthogonalized subspace of vectors is skipped [20, 21, 26] . ICD is capable of on-the-fly exclusion of linearly dependent eigenvectors from the expansion space of a singular positive semi-definite matrix A via considering only diagonal elements of the lower triangular Cholesky matrix L, A = LL † [20, 21, 26] . Provided that a diagonal matrix element is below a threshold δ, the corresponding column-vector in L is neglected. The use of ICD for solving equations (4) should lead to substantial computational savings, because only a limited number (<N occ × N virt ) of the eigenvectors of M contribute to the expansion of the OEP Eq. (1) [20] . In practical applications of the method, this number shows near-linear scaling with the system size [20] . [16] . e The first unconverged digit is given in parentheses.
FIG. 1. (Color online) Deviations
E = [E xOEP (ICD) − E HF )] − [E xOEP (NUM) − E HF (NUM)]
III. RESULTS AND DISCUSSION
The described equations were implemented in the MOL-PRO2008.2 suite of programs [27] and solutions of the OEP equations (4) in exchange-only approximation (xOEP) were obtained for a number of atoms and molecules using the standard basis sets. To guarantee linear dependence of the products of occupied and virtual KS orbitals, the correlationconsistent valence-polarized basis sets of Dunning [28] were used in an un-contracted form. First, the dependence of the xOEP atomic and molecular energies on the choice of the threshold δ in ICD was investigated. In these calculations, the largest available basis sets were used, that is cc-pV6Z or cc-pV5Z, if the former were not available. Figure 1 shows the deviations
] of the so-obtained xOEP-HF energy differences from the accurate numeric values for neon [6] and carbon monoxide [7] and the number of the xOEP expansion functions N as a function of the threshold δ. For large values of δ, the expansion space of the xOEP is rather small thus leading to relatively large (within a few millihartrees) deviations
] from the target numeric xOEP-HF energy differences. Decreasing the value of δ leads to extension of the xOEP expansion space and to a much better (within 10-100 µhartree) agreement with the numeric xOEP energies (see also Table I ). Furthermore, the deviations remain (nearly) constant when δ is varied between 10 −6 and 10 −20 . Beyond the latter value provided that 0 no noticeable variation of the xOEP energy was obtained in our calculations. Thus, the ICD procedure applied to Eq. (4) yields numerically stable solutions of the xOEP equation (4) with the energy in a very good agreement with the accurate real space methods [6, 7] .
For neon and CO, the obtained optimized exchange potentials are plotted in Figs. 2 and 3 . Comparison with the exact exchange potential for neon [29] shows that the ICD-xOEP method yields a smooth potential that shows only tiny deviations from the exact curve. For carbon monoxide, the exact exchange potential could not be found in the literature and a comparison was not possible. However, the calculated xOEP (see Fig. 3 ) does not show the unphysical wiggles reported by Staroverov et al. [15] and is in a good agreement with the exchange potential obtained by Hessellmann et al. [16] with the use of auxiliary basis set.
The atomic and molecular xOEP total energies calculated with the ICD threshold δ = 10 −10 are collected in Table I Table I show that the accurate numeric xOEP energies are gradually approached with the basis sets of increasing size. Because the value of the ICD threshold δ is chosen such that it does not affect the xOEP energies, the basis set remains the only variable parameter in our xOEP calculations. Note that the xOEP energies reported in Table I of the occupied and virtual orbitals, there is no one-to-one mapping between densities and density matrices, i.e., many different density matrices can lead to the same density [24] . Thus these results confirm the conclusion of Görling et al. [18] that only the orbital basis sets that provide the linear dependence of the products of occupied and virtual KS orbitals can be used in the OEP calculations.
To demonstrate the utility of the suggested technique in the calculation of bigger molecules, a number of polyatomic molecules were calculated with the basis sets of varying size. With the increasing size of the basis set, the ICD-xOEP energies reported in Table II [32] . Note that the HF optimized geometry was used in this work. f Geometry optimized with MP2/cc-pVTZ method is taken from Ref. [33] . [6] and [7] . b This work. c Cited from Hesselmann et al. [16] . d The uncontracted aug-cc-pV6Z basis set augmented with a single set of diffuse functions as suggested by Hesselmann et al. [16] is used in this calculation. e The first unconverged digit is given in parentheses. f The experimental ionization potentials are taken from Ref. [34] . g The experimental ionization potentials are taken from Ref. [35] . h The experimental ionization potentials are taken from Ref. [36] .
value. The E = [E xOEP (ICD) − E HF ] energy differences increase with the basis set size thus confirming the conclusion that linear dependencies of the occupied-virtual products play a crucial role for obtaining the faithful solutions of the OEP equations in finite basis sets. It is gratifying that the total xOEP energies and xOEP-HF energy differences obtained in this work with the use of large basis sets are in a good agreement with the results of alternative implementation of the finite basis set OEP method [16] .
The orbital energies of Ne atom, diatomic molecules and pyridine obtained in the present xOEP calculations are collected in Table III and compared to the xOEP energies obtained in the real space calculations [6, 7] , to the results from Hesselmann et al. [16] , to the Hartree-Fock orbital energies and to the available experimental ionization potentials. The orbital energies obtained in the present xOEP calculations are in a very good agreement with the results of real space calculations which demonstrates that the exchange potentials obtained in the present work accurately reproduce the shape of the exact real space potentials (see also Fig. 2 ). Similar to the total xOEP energies, the orbital energies show almost no sensitivity to the choice of the ICD threshold δ which demonstrates the numeric stability of the method. It is noteworthy that the energies of frontier orbitals of pyridine are in a very good agreement with the experimental ionization potentials. Furthermore, the ordering of the 11a 1 (nitrogen lone pair) and 2b 1 (π -type) orbitals is correctly reproduced by the ICD-xOEP method whereas the HF method yields a wrong ordering of these orbital energies as can be judged from comparison with the experiment. Because the expectation values of the Fock operator calculated over the xOEP orbitals are very close to the HF orbital energies, it is the optimized exchange potential that accounts for the correct ordering of occupied orbitals in pyridine.
IV. CONCLUSIONS
In conclusion, solutions of the exchange-only OEP method in finite basis set representation are obtained with the use of the incomplete Cholesky decomposition technique. For the first time, using the occupied-virtual orbital products as an expansion basis, numerically stable and accurate xOEP solutions are obtained in excellent agreement with the exact real space solutions. The obtained xOEP energies show almost no dependence on the ICD threshold δ employed to discriminate the linearly independent expansion functions (kernel space of the OEP) from the linearly dependent ones (null space of the OEP) [24, 25] . Thus the basis set used to expand the KS orbitals remains the only external parameter in the present implementation of the OEP method. This brings the OEP method to equal ground with the standard methods of wave function theory where the basis set size is the decisive factor for obtaining accurate results.
